Mechanisms of Brine-Side Mass Transfer in a
Horizontal Reverse Osmosis Tubular

Membrane

The desalination performance of a tubular reverse osmosis membrane
was studied under well-defined hydrodynamic conditions. Experimental
measurements were made of local mass transfer rates in a 2.31-cm LD. X
81-cm long horizontal cellulose acetate membrane at 16 locations along
the tube length for both laminar and turbulent flows. The membrane’s
intrinsic permeability to water and NaCl was found to vary significantly
along its productive length.

The experiments suggest that the dominant transport mechanisms in
laminar flow are forced convection in the upstream region and combined
free and forced convection in the downstream region, beyond a distance of
approximately 16 tube diameters, for all feed concentrations studied. The
Deissler analogy applies well to the turbulent region for Re = 10%; however,
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The experimental results of other workers are interpreted successfully

in terms of the mechanisms deduced in the present work.

SCOPE

Reverse osmosis (also known as hyperfiltration)—which
may be classified as a pressure-activated, membrane-
moderated, isothermal operation—is a relative newcomer
to the chemical engineer’s stock of methods for liquid-
phase separations. Although it was developed initially for
water desalination, reverse osmosis also has found im-
portant applications in the food processing, pharmaceuti-
cal, paper and pulp, and waste treatment industries. The
monographs of Merten (1966), Sourirajan (1970), Kesting
(1971), and Lacey and Loeb (1972) contain much informa-
tion pertaining to the chemistry, engineering, economics
and practical aspects of reverse osmosis.

A major obstacle, which may severely limit the per-
formance of reverse osmosis systems, is the phenomenon
of concentration polarization. This is the term given to
the buildup of a solute layer, adjacent to the membrane
surface, which is more concentrated than the feed solution.
Concentration polarization is an inherent consequence
of the membrane’s affinity for transmitting water in pref-
erence to solute and is a general phenomenon which
occurs, to some extent, in all separation processes. Con-
centration polarization has several deleterious effects on
reverse osmosis: it increases the osmotic pressure at the
membrane/brine interface and thereby decreases the
effective driving force for water flow through the mem-
brane; it increases the driving force for the transmembrane
solute flux and, hence, it increases the salinity of the
product water; it can lead to membrane fouling due to
precipitation or gelation of sparingly soluble species; and,
it may accelerate chemical deterioration of the membrane
owing to the higher concentration of aggressive species.
Thus, it is necessary to have equations describing the salt
buildup in order to make economic appraisals of reverse
osmosis. Furthermore, in basic studies, the degree of con-

centration polarization must be evaluated before the deter-
mination of membrane properties can be made.

At steady state, the solute which permeates the mem-
brane is equal to the sum of the bulk flow and diffusive
components of the solute flux to the membrane/brine
interface. The diffusive component, which is directed from
the membrane toward the feed side, is equal to the mass
transfer coefficient times the difference between the wall
and bulk concentration. Thus, the extent of concentration
polarization will depend on the prevailing hydrodynamics
and geometry of the system as these factors influence the
mass transfer coefficient and increasing the mass transfer
coefficient reduces the polarization.

The problem of concentration polarization recently has
been reviewed by Gill et al. (1971). With few exceptions
(for example, Ramanadhan and Gill, 1969), the existing
theories neglect the effects of buoyancy induced convec-
tion even though Srinivasan et al. (1967) have suggested
that it was present in the early experiments of Merten
et al. (1964). Indeed, Hendricks et al. (1972) present
experimental evidence for the existence of buoyancy in-
duced instabilities with resulting lower concentration
polarization for laminar flow beneath a herizontal mem-
brane sheet.

No data have been reported for horizontal tubular
configurations with the carefully controlled hydrodynamics
and flow geometry that exist in the present study. Further-
more, by measuring product fluxes at 16 locations along
the membrane, one can infer the transport mechanisms
which are important and thereby contribute to the devel-
opment of rational design procedures for reverse osmosis
systems, particularly for the horizontal tubular configura-
tion.

CONCLUSIONS AND SIGNIFICANCE

The local behavior of the Sherwood number, as deter-
mined from measurements of local product rates and com-
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positions, suggests the following conclusions for fully
developed laminar flow:
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1. The major transport mechanism in the upstream
region of the horizontal reverse osmosis tube is forced
convective diffusion which may be described by a uniform
wall flux (UWF) Leveque-type model, for which the un-
corrected Sherwood number is given by

x —1/3
Sh = 1.301 [——— ]
dH + Pe

where x is axial distance, dy is the tube diameter, and Pe
is the Peclet number.

2. After a distance of about 16 diameters, performance
was significantly superior to predictions based on the
Leveque model and it appears that system behavior is
controlled by a combined free and forced convection proc-
ess which is rather insensitive to Reynolds number and
axial distance. Following the analysis of Siegwarth et al,
(1969), it was possible to correlate the results in terms of
the Rayleigh number Ra by

Sh = 0.434 Ra's, Re ~ 540

Sh = 0.485 Ra*, Re > 980

Correlations of this type, rather than forced convection
results, agreed better with the data of Richardson et al.
(1969) (desalination of brine) and Monge et al. (1973)
and Kennedy et al. (1973) (concentration of sucrose). This
is significant because it suggests that previous design
methods, which neglect mass transfer enhancement due
to ubiquitous buoyancy effects, may give conservative
predictions of performance.

For Reynolds number, Re, above about 10%, the Deissler
analogy agreed well with the data:

Sh = 0.023 Re0875 §¢0-25

where Sc is the Schmidt number. For the transition Re
region (2.3 X 10° < Re < 10%), it appears that further
studies are required to assess the influence of transverse
velocity on the turbulent eddy diffusivity.

In heat transfer to water flowing laminarly in a horizon-
tal tube, several workers (for example, Mikesell 1963;
Bergles and Simonds, 1971; Shannon and Depew, 1968)
have observed that buoyancy induced secondary flows
can enhance the overall heat transfer process markedly
when the Grashof number is approximately 105, Similarly,
in reverse osmosis which is characterized by Grp > 103,
solute laden boundary layers, being more dense than the
core fluid, may induce angular velocity components which
confribute to the transverse mixing of solute. The exact
analysis of reverse osmosis systems neglecting buoyancy
effects requires the solution of nonlinear coupled partial
differential equations since the permeation rate is pro-
portional to the local osmotic pressure which is a function
of Cy. The situation becomes more complex when buoy-
ancy effects are included because the secondary velocity
components are driven by density differences between the
wall and core regions of the flow.

EXPERIMENTAL APPARATUS AND PROCEDURES

The experimental program consisted of 10 series of tests,
each corresponding to a different combination of operating
gressure and feed concentration. All testing was con-

ucted on the same cellulose acetate membrane (90°C an-
nealing temperature). Feed solutions were made from reagent
grade NaCl and distilled water; concentrations included both
brackish and sea water salt levels. The operating pressure
ranged from less than 4.1 MN/m2 (600 lb./sq. in. gauge) to
over 5.5 MN/m2 (800 Ib./sq. in. gauge). For each test series,
one high Reynolds number (usually about Re ~90,000) and
several laminar and/or turbulent transition Reynolds number
flow runs were conducted. Feed rates were measured with
calibrated turbinemeters.

Testing was performed in the high-pressure recirculating
reverse osmosis facility schematically shown in Figure 1. Con-
structed primarily of Type 316 stainless steel wetted parts,
the facility can operate at 10.3 MN/m? at room temperature.
The heart of the loop is the magnetically-driven Seal/Less cen-
trifugal pump capable of delivering 1.6 liter/s (25 gal./min.)
of water at a developed head of 40 m (130 ft.) and with
zero leakage. An adjustable stroke diaphragm-type positive dis-
placement pump is used to establish system pressure and,
simultaneously, provide make-up to replace the product water
forced through the membrane. Pressure pulsations are damp-
ened effectively by a 9.5-liter (2.5 gal.) bladder-type ac-
cumulator. Owing to the low efficiency of the magnetic drive,
a significant amount of energy is transferred to the loop con-
tents and this heat must be removed. Loop temperature can
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be controlled to within 0.5°C with a counter-flow double
pipe heat exchanger. :
The tubular test assembly consists of two stainless steel
subsections—the calming section and the reverse osmosis test
section—which are lined by a continuous membrane tube.
The test section is comprisedy of an 81 ¢m. (32 in.) long pro-
ductive section (that is, the porous walled membrane support
tube) whose ends have been concentrically aligned with and
welded to specially fabricated transition tubes, approximately 15
cm long (see Figure 2). The internal taper of the transition
tube, about 0.5°, was required because it was extremely dif-
ficult to build a membrane support tube having an inside diam-
eter exactly matching that of the calming section (the 1.D. of
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Fig. 1. Flow diagram of recirculating reverse osmosis tacility.
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the support tube is approximately 0.38 mm greater than that
of the calming section). A Parker Ferulok tube connector,
bored out to conform with the inside diameter of the calming
section, smoothly joins the upstream end of the reverse osmosis
test section (that is, the transition tube) to the calming sec-
tion. Hence, except for a 37° flare at each end to accommodate
the membrane seal, the tubular test assembly is devoid of step
changes in inside diameter throughout its 3.66 m length.

The test assembly used in our studies possesses two unique
features. First, unlike prior experimenters who have worked
with tubes, we have made provision for the establishment of
an unobstructed, fully developed velocity profile at the inlet to
the reverse osmosis test section by virtue of the more than
100 diameters of calming tube. According to Knudsen and
Katz (1958), this length-to-diameter ratio is more than ade-
quate for all Reynolds numbers studied. Second, because the
reverse osmosis test section consists of 16 discrete sampling
ports (segmented as noted in Figure 2) it is possible to measure
axial variations in system performance rather than overall
values. Thus, product water, which issues from each collec-
tion chamber during a measured time interval, is first weighed
(to the nearest 0.1 g.) and then analyzed conductometrically
for salt concentration.

The procedures used to install, heat-treat, and seal the ends
of the cellulose acetate membrane tube (supplied by Philco-
Ford Corporation, Newport Beach, California) were similar to
those previously described by Loeb (1966) and Richardson
et al. (1969). However, our use of a porous metal support
tube, rather than a perforated solid one, eliminated the need
for wrapping the membrane in filter paper and/or nylon parch-
ment—a considerable simplification. Further details of the test
facility, test section, and assembly techniques may be found in
Derzansky (1973).

The membrane was subjected to several hours of high pres-
sure conditioning with distilled water at levels greater than
7.6 MN/m? prior to data collection. Consequently, we antici-
pated, and indeed observed, no evidence of transient be-
havior due to membrane compaction during the desalination
tests. Upon completion of the test program the membrane’s
thickness was measured along two different sections using a
micrometer. That portion of the membrane which lined the
calming (nonporous) section of the test assembly had a thick-
ness of approximately 0.22 mm. Within the productive por-
tion of the assembly, the membrane thickness was between 0.13
and 0.15 mm. The as-received (un-annealed) membrane was
about 0.24 mm thick. We have estimated that the actual inside
diameter dy of the productive portion of the test section was
2.31 cm.

EXPERIMENTAL RESULTS

Local Membrane Properties

To deduce local brine-side mass transfer characteristics
from measurements of product quality and rate, first it is
necessary to determine the membrane’s water and solute
transport properties. Throughout this work, we have used
an abridged form of the phenomenological relationships of
Sherwood et al. (1967) to describe transmembrane fluxes.
Thus, assuming the membrane to be of the solution-diffu-
sion type, that is, no transport through micropores, the
following relationships apply (Sherwood et al., 1967):

‘le = K([AP — An] = K4[AP — K5(Cy, — Cp) 1 (1)
ny = Kq p(Cu — C) (2)

The product salt concentration can be expressed in
terms of the salt concentration at the brine-membrane
interface by first noting that, from a steady state salt bal-
ance,

ng

Ch=——mmr

P ns + PIle

Simultaneous solution of Equations (1) through (3) gives
2Cp = (yAP — Cy + k) +[(yAP — Cy + «)? + 4xCy, 112
(4)

(3)

AIChE Journal (Vol. 20, No. 4)

where

Ky
Y=
(K1 K5 — Ks)

K;

K = —————
(K: Ks — Ks)

Since the permeability constants, K; and Ks, depend on
a variety of chemical, manufacturing, annealing, and
operating variables (Richardson et al., 1969), it is vir-
tually impossible to obtain accurate values of them prior
to actually using the membrane. Hence, they must be de-
termined, in situ, under conditions which are nearly iden-
tical to those existing during test runs. Consequently, for
each test series, the membrane was calibrated by recircu-
lating a highly turbulent feed solution whose composition,
temperature, and pressure were essentially the same as in
the low Reynolds number runs. For high Reynolds num-
bers it is assumed that Brian’s (1966) turbulent flow
formula is valid:
V| di (5)
Cw — =(Lo — _—
(Cu = )= (Co— ) exp { L2122

where Sh is the Sherwood number for the limiting case of
zero transverse velocity and was obtained from the Deis-
sler (1955) analogy,

Sh = 0.023 Sc25 Re875 (6)

Thus, with V,, C,, and C, determined from experimental
measurements and Sh calculated from Equation (6), C,
is calculated from Equation (5). Then, Equations (1)
and (2) are used to find K, and Ks, respectively, since AP
is known and Kjs can be obtained from Richardson et al.
(1969} or Johnson et al. (1966). Since C,,/C, was calcu-
lated to be always less than about 1.05 for the calibration
conditions employed in this study, the dependence of the
permeability constants on the accuracy of Equations (5)
and (6) should be very small.

Note that these calculations were performed for each of
the 16 sampling ports, that is, the Ky; and K, i = 1 to
16, were evaluated for each test series. A typical set of
membrane properties is shown in Table 1 where it is seen
that port to port variations do, indeed, exist. The reason
for this may be due, partially, to differences in the degree
of membrane stress as the membrane conforms to the larger
diameter of the porous support tube which, owing to the
manufacturing method, undulates very slightly along its
length. Another possible contributing factor may be re-
lated to the nonuniform permeability of the porous stain-
less steel support tube. For instance, preliminary tests
(performed prior to insertion of the membrane) revealed
that the local permeability of the porous support tube dif-
fered by several hundred percent between certain ports.
Consequently, the transpiration velocities during the low
pressure heat-treatment process can vary significantly
along the membrane. This may lead to differing degrees
of polymer crystallinity in the membrane’s active layer.
Recently, Grethlein (1973) has shown that even under
carefully controlled conditions, variations within a given
membrane still exist.

Effect of Reynolds Number on Performance

As the feed Reynolds number is changed from a turbu-
lent to a laminar value we would expect the system’s per-
formance initially to be primarily controlled by the mem-
brane’s resistance and then by a combination of brine-side
boundary layer and membrane resistances. That is, the
lower the Reynolds number, the poorer the overall rate
and quality of the product water. Table 2 shows how the
local product mass and composition are affected by feed
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Reynolds number when all other operating parameters are
kept nearly constant. (Recall, from Figure 2, that ports
1 through 8, 9 through 12, and 13 through 16, have nomi-
nal lengths of 2.54, 5.08, and 10.2 cm, respectively.) Note
that for the two highest Re runs, with the exception of the
first two ports, local product rate and quality deteriorate
only by roughly 1% and 6%, respectively, as Re decreases
from 51,300 to 20,530. This relative insensitivity of sys-
tem performance to Re, even though Re has decreased
by 60%, is due to the small fraction of the overall resist-

TasLE 1. LocAL. MEMBRANE PROPERTIES

Calibration run for Test Series 111
Re = 51,300
Co = 0.142 normal (8,300 ppm NaCl)
AP = 662 1b./sq.in. (4.43 MN/m2),
m ~ 991b./sq.in,, T = 27.0°C

Pure water Solute
permeability permeability
Port 107 X Kj, 105 X Kg, 1-Rejection
number cm/s - 1b./sq. in. cm/s (1 —R)
1 7.34 5.22 0.1106
2 7.19 3.91 0.0871
3 8.85 4.78 0.0867
4 8.73 4.46 0.0825
5 8.92 5.10 0.0913
6 9.07 5.29 0.0928
7 9.68 5.13 0.0853
8 8.15 4.72 0.0922
9 9.06 5.21 0.0917
10 8.79 5.10 0.0924
11 8.92 5.31 0.0946
12 9.15 5.05 0.0884
13 8.57 4.84 0.0902
14 8.46 454 0.0862
15 8.85 5.05 0.0912
16 8.18 6.29 0.1184

ance attributable to the brine-side boundary layer when
the feed is in fully-developed turbulent flow. When the
Re is decreased to 5,130, the flow is now within the tur-
bulent transition region wherein the intensity of turbulent
transfer processes diminishes and is more sensitive to Re.
Comparing local performance at Re = 5,130 to that at
Re = 51,300, we note a decrease of approximately 4 to
8% in product rate and 30 to 40% in quality, except again,
for ports 1 and 2 which have deteriorated less. A further
decrease in feed flow rate to Re = 2,053, just within the
laminar region, results in about an 18 % decrease in product
rate and more than a 100% increase in product salinity
for those ports beyond the first 10 cm as compared to
those at Re = 51,300. This dramatizes the marked de-
crease in brine-side mass transfer resulting from operating
in the laminar regime. The relatively better performance
in the upstream ports is due to the larger mass transfer
coefficients characteristic of the entry region. Finally, the
performance at Re = 1,026 is important because it reveals
the interesting result that from the fifth port onwards the
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Fig. 2. Reverse osmosis test section details.

TABLE 2. DESALINATION PERFORMANCE: LocAL PropucT Mass AND QuaLiTy

Temperature: 27°C, Collection time: 50 minutes
Test Series 111
Pressure, 1b./sq.in.gauge 662 659 661 662 662
(MN/m?) (4.56) (4.54) (4.55) (4.56) (4.56)
Reynolds number 51,300 20,530 5,130 2,053 1,026
Port number Grams Normality Grams Normality Grams Normality Grams Normality Grams Normality
1 22.8 0.0163 229 0.0167 22.5 0.0178 21.6 0.0204 211 0.0212
2 23.0 0.0128 23.0 0.0130 22.3 0.0151 21.0 0.0197 20.2 0.0211
3 28.4 0.0129 28.2 0.0136 26.8 0.0164 24.4 0.0229 23.7 0.0244
4 28.6 0.0123 28.2 0.0130 27.0 0.0164 24.6 0.0239 23.5 0.0247
5 28.9 0.0136 29.2 0.0140 27.6 0.0182 244 0.0269 23.9 0.0273
6 29.2 0.0138 28.8 0.0145 27.3 0.0189 24.1 0.0289 24.0 0.0284
7° 30.7 0.0127 29.7 0.0134 27.6 0.0177 24.5 0.0265 24.2 0.0263
8a 26.0 0.0137 26.2 0.0143 25.1 0.0190 22.0 0.0290 21.9 0.0287
9 56.6 0.0136 56.10 0.0143 52.1 0.0192 45.9 0.0260 45.4 0.0287
10 55.5 0.0137 55.0 0.0144 52.0 0.0193 45.8 0.0291 45.2 0.0288
11 56.3 0.0141 55.4 0.0149 52.2 0.0202 459 0.0306 45.0 0.0302
12 57.7 0.0132 57.1 0.0138 53.4 0.0186 47.0 0.0283 46.3 0.0281
13 108.4 0.0134 107.3 0.0141 100.1 0.0189 88.5 0.0286 86.7 0.0287
14 107.0 0.0128 106.1 0.0135 994 0.0183 87.6 0.0281 854 0.0283
15 111.9 0.0135 110.4 0.0142 103.7 0.0193 90.9 0.0300 89.4 0.0302
18 102.5 0.0175 101.5 0.0184 95.7 0.0237 84.1 0.0360 82.9 0.0362
Feed — 0.142 —_ 0.140 —_ 0.138 — 0.136 — 0.133

o Suspected interport leakage.
b Estimated.
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local product behavior is essentially the same as the run
at Re = 2,053, even though the feed flow rate differs by
a factor of two. This is unexpected if one anticipates that
brine-side mass transfer is of the forced-convection (Le-
veque) type. Other test runs (Derzansky, 1973) reveal
the same insensitivity of laminar performance to Reyn-
olds number, even for Re ~ 500. In order to obtain a
sharper, indication of the local transport phenomena, it is
necessary to extract from the data information which re-
flects the brine side mass transfer characteristics and is
less obscured by the axial variations of K; and Kj. For
this purpose we have computed local Sherwood numbers
Sh* given by

k dﬂ‘
s = 7
Sh 5 (7)
where the mass transfer coefficient k* is defined as
- ~DZ (x,0)
k= Is = Y (8)
P(Cw - CO) (Cw - Co)

We now apply Fick’s first law of diffusion (Bird et al,
1960) at the membrane/solution interface,

aC
Nng = -—-pD—a—y- (x, 0) + prC(x, O). (9)

The left-hand side of Equation (9) represents the mass
flux of salt with respect to the stationary membrane sur-
face. Since no separation occurs on the product side of
the membrane, no transverse concentration gradients exist
there so that ny = pV,,C; and Equation (9) can be re-
written as

V| (Co — Cp) = -D—‘}S— (x0)  (10)

since V, is in the negative y-direction (see Figure 3).
Substituting Equation (10) into Equation (8) gives the
working expression for k*,

Vl[(Cw — C
= el G o

Sh* is evaluated from known values of dyg and D and
measured Vy, Cp, and C,, together with the calculated
value of C,, which is obtained from Equation (2) using
the relation n; = pV,,C, and the local calibrated value of
Ks.

It is important to keep in mind the fact that Sh* is not
the same as the conventional Sherwood or Nusselt num-
bers, Sh and Nu, which apply to systems for which the
transverse velocity is negligible at the wall. The super-
script dot signifies that these quantities take into account
the effect of V,, on the mass transfer coefficient due to
distortion of the velocity and concentration profiles in the
vicinity of the membrane’s surface (Bird et al,, 1960).
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Fig. 3. Coordinate system showing fully developed laminar profile
and performance characteristics for a uniform membrane.
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normal).

Laminar Flow Sherwood Numbers

In Figure 4 the laminar flow data of Table 2 are pre-
sented in Sh* form. The abscissa represents the dimen-
sionless axial coordinate conventionally used for forced
convective transport. The solid curve labeled UWF
Leveque With Film Theory Correction represents an ap-
proximate theoretical prediction for Sh* behavior which

is based upon a Leveque-type (that is, Sh = 1.301

-1/3
( —x—-——) ) transfer mechanism modified for the
dH - Pe

presence of a uniform transverse velocity by the rate
factor-correction factor concept of film theory (Bird et al,,
1960). Note that the upstream experimental Sh’s fall close
to the aforementioned predictions with the Re = 2,053
run agreeing up to the first 20 cm (ports 1 through 8) and
the Re = 1,025 run for the first 10 em (ports 1 through
4). It should be realized that had the abscissa been simply
x/dy, then the data points would nearly coincide for

x/dyg > 8, indicating that Sh* is virtually independent of
Re in this region. As it is, however, the data of the Re =
1,025 run are shifted towards the right. Note, too, that
the variation in local membrane properties is still evident
as reflected by the scatter of the Sh* values. Had the
membrane been uniform throughout the test section, the
data points would have scattered less. Nevertheless, it is
clear that in the downstream portion of the test section
Sh* values are significantly greater than those predicted
using the modified Leveque model for uniform wall flux.
Furthermore, it is apparent that the last four data points,
corresponding to ports 13 through 16 which comprise
half of the test section’s length, have nearly identical Sh*
values for both runs. This suggests that an asymptotic
region exists beyond a short distance from the inlet in
which the mass transfer processes become insensitive to
both Re and location within this region.

The other test series which were conducted gave similar
laminar behavior when Re > 980. However, a number of

runs performed at Re =~ 500 showed a small decrease in
Sh* for the downstream region, about 5 to 10% smaller
than for Re > 980. Nevertheless, these experimental

downstream Sh* values were still significantly greater than
predicted by forced convection theory. In all Jaminar runs,
the observed local desalination performance was equal to
or better than the predictions based on a forced convec-
tion transport model. As will be demonstrated, such be-
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havior is suggestive of combined free and forced convec-
tion transfer mechanisms.

Turbulent Flow Sherwood Numbers

In Figure 5 we have presented Sh* data of Test Series
VI (Derzansky, 1973) for which Reynolds numbers ex-
tend from the laminar limit up into the transitional tur-
bulent flow range. Notice that the abscissa represents the
number of tube diameters to the mid-point of a sampling
port. It is seen clearly that the Reynolds number exerts a
strong influence on Sk* throughout the test section in
contradistinction to the behavior depicted in Figure 4 for
laminar flow. Also, it is possible to discern an entry length
beyond which the turbulent Sh* assumes a fully developed
value. For the single laminar run shown in Figure 5, we
again observe that the upstream portion of the test sec-
tion (say up to x/dy = 8) is consistent with a forced-
convection mechanism, but that the remainder exhibits
mass transfer performance superior to this mode.

DISCUSSION OF RESULTS

To correlate experimental reverse osmosis data effec-
tively it is important to have available an accurate but
manageable theoretical model. Since the membrane ex-
hibited significant axial variation in its pure water and
solute permeabilities (see Table 1), use of accurate series
solutions such as those developed by Gill et al. (1966a, b)
and by Shaw et al. (1972) for laminar flows were ruled
out because they assume uniform membrane properties,
K, and R. Furthermore, they require considerable numeri-
cal computation. Therefore, recourse was made to the film
theory model (Bird et al, 1960) which has previously
been shown to provide a simple yet accurate method for
describing concentration polarization in laminar (Kimura
and Sourirajan, 1968; Derzansky, 1973) and turbulent
(Gill et al., 1971) reverse osmosis systems. Consequently,
the hypothetical uncorrected Sherwood number Sh in the
limiting case of zero interfacial velocity was back-calcu-
lated from Sh. Only data obtained from ports 13 through
16 were so treated since they are in the fully developed
region for turbulent flows and the asymptotic, Re-insensi-
tive region for laminar flows.

Briefly, the relationship between Sh* and Sh according
to film theory is given by (Bird et al., 1960)

Sh* = 48 * Sh (12)
where
5 : .
o TEST SERIES ¥ Sc = 503
300 ~ _
a Re Vy . cm/sec | AP, psi
o o | 2122 448x10. | 644
250 o | 3,183 | 4.66x10 617 |
S a | 4,244 a52x10" | 608
4 o o | 5305| 464x10* | 600
° | | o o
ﬂ ©
a a a a
4 A a
a g ©
9 o a o
o ot © N 5 N

UWF LEVEQUE
WITH FILM THEORY
CORRECTION FOR
Vu=4.48 x107%cm/sec

50

o) 5 10 [} 20 215 30 35
W

Fig. 5. Experimental Sherwood number vs. dimensionless axial distance

for Test Series VI. (Laminar and transition region flow, 7y ~ 62

Ib./sg.in., Co ~ 0.09 normal).
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das Pe,/Sh

et48 — 1 pPew/Shy _ ]

(13)

848 =

and
Pey, = —|Vy| du/D

Substituting Equation (13) into (12) and then rear-
ranging and taking logarithms, we obtain

Pe,,

| (1 + Pew )
& She

Sh = (14)

Equation (14) was used to convert the local Sh* results
for each test condition into corresponding Sh values,
that is, it accounts for the measured local (port-averaged)
value of interfacial velocity V.

Laminar Results

As indicated earlier, the downstream laminar behavior
suggests the presence of an additional transport mech-
anism, not accounted for in the UWF Leveque-film theory
model, which enhances local mass transfer between the
membrane surface and the bulk feed stream. This mech-
anism is free convection. The argument for the existence
of significant buoyancy effects in our experiments is sup-
ported by the literature dealing with combined free and
torced convection laminar flow heat transfer in horizontal
tubes. For instance, Shannon and Depew (1968) have
observed Nusselt numbers which were up to 1509 greater
than the Graetz-type predictions for the case of heating
water at a Grashof number of 105 (our Grp is of the order
10°). Bergles and Simonds (1971) also have found similar
effects in their experiments with water. Dye tracer experi-
ments conducted by Mikesell (1963), Bergles and Simonds
(1971), and others have shown conclusively that density
varjations, between the wall region fluid and the bulk, give
rise to secondary spiral-like flows which are symmetric
with respect to a vertical plane through the tube axis. In
reverse osmosis, owing to the difference in salt concen-
tration between wall and bulk regions, analogous density
variations exist.

To date, no theoretical analysis of reverse osmosis in
horizontal tubes with laminar combined free and forced
convection has appeared in the literature. However, several
analyses of a similar heat transfer problem do exist. Of
special interest here is the boundary layer analysis of
Siegwarth et al. (1969) since it is applicable to fluids of
large Prandtl number and constant viscosity. Siegwarth
et al. have considered the special case where simultane-
ously the wall heat flux is axially uniform and no circum-
ferential temperature gradients exist in the wall. Under
these conditions it is found that the perimeter-averaged
Nusselt number takes on an asymptotic value given by

giat(Tu = T0) 2 1"
2 a

Nu = 0.561 Ra'/* = 0.561 [
(15)

Importantly, Nu is predicted to be independent of Reyn-
olds number when Re is sufficiently large for the assump-
tions in the analysis to hold.

Newell and Bergles (1970) have demonstrated, by
finite-difference calculations, that the boundary condi-
tions used by Siegwarth et al. (1969) give larger Nu
values than the case where there is uniform wall heat flux
but in which circumferential temperature gradients do
exist in the wall. Although the computations of Newell
and Bergles were performed specifically for water which
has a Prandtl number around 10, their findings are prob-
ably qualitatively valid for higher Prandtl numbers too.
This suggests that the coefficient in Equation (15) should
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be smaller in the case of reverse osmosis where it is not
possible to impose circumferentially uniform wall concen-
trations because a nonuniform angular velocity field exists
which is coupled to the wall concentration. This is in con-
trast to the heat transfer case where one can control the
wall temperature by external means.

Guided by Equation (15), the laminar Sh values were
correlated in the form

Sh = constant + Ra!/¢ = C, - (Grp * Sc)1/4

where, for mass transfer,

(15a)

gtdu®(Cw — Co)
2

Note that we have used C, rather than Cp since only a
very small fraction of the feed was removed as product in
our tests. The value of the volumetric expansion coeffi-
cient (due to concentration change) { was estimated to
be 0.70 from the densities of NaCl solutions given in
Hodgman (1962).

As implied earlier, the downstream Sh*’s for those tests
having Re ~ 534 were somewhat lower than the Sh*’s for
980 = Re = 2,166. Therefore, we determined a least-
square value of C, separately for the two Re ranges. The
final results are

Grp =

Sh = 0.434 Ra'/t, Re ~ 534 (16)
and
Sh = 0.485 Ra'/¢, 980 = Re = 2,1686. (17)

Equation (16) is based on data from ports 13 through 16
for four runs which had 525 = Re = 541. The experi-
mental Sh’s for these runs had average and maximum
deviations from Equation (16) of 4.73% and —16.9%,
respectively. Equation (17) was obtained from seventeen
laminar runs having Re = 980. Corresponding deviations
from Equation (17) are 2.56% and —8.71%.

For illustration, we have calculated Sh* by using Equa-
tions (12), (13), and (17) together with the experimen-
tal values of Pe, and Ra for each of the last four ports
of the laminar runs of Test Series III (see Table 2). It
was found that the predicted Sh’s all were within *+ 2.4%
of their collective mean (Sh*pean =~ 104) so that we have
indicated only Sh'mean in Figure 4 and labeled it modi-
fied Siegwarth et al. For practical purposes, we note that
all of the data points are adequately bracketed by the
UWF Leveque curve in the inlet region and the modified
Siegwarth et al. curve for the downstream region. Such
behavior is consistent with the notion that the important
mechanisms responsible for brine-side laminar mass transfer
are associated, in the initial section of the tube, with
forced convective diffusion and, further downstream, with
combined free and forced convection which is rather in-
sensitive to Reynolds number or distance.

Turbulent Results

Unlike the laminar flow results, the turbulent data in-
dicate that the local product quality always improves as
Re increases. Such behavior is expected since it is well
known that the eddy-diffusivity and, hence, the mass
transfer coeflicient, increases with Re.

It is of interest, however, to determine the range of ap-
plicability of conventional turbulent Sherwood number
correlations, that is, the Deissler analogy and the Chilton-
Colburn analogy. Since these analogies relate to the fully
developed region, we have considered data from the
downstream half of the test section in the following com-
parison (note the relative constancy of Sh* for the last
four data points of each turbulent run shown in Figure 5).
Figure 6 presents the results of nine turbulent runs (cali-
bration runs excluded) in which Sc ranged between 503
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fFig. 6. Comparison of experimental downstream Sherwood numbers,
for fully-developed and transitional turbulent flow, with Chilton-
Colburn and Deissler analogies. Test Series Il, I, IV, and VI cor-
respond to the following Schmidt number—applied pressure drop
(Ib./sq.in.) pairs, respectively: 600, 835; 529, 660; 516, 818; 503, 608.

and 600 (see Derzansky, 1973 for complete test condi-
tions). Each data point represents the average of four
downstream Sh values, obtained through Equation (14),
divided by Sc to the one-third power (Chilton-Colburn)
or one-fourth power (Deissler). The symbols with and
without flags are associated with the Chilton-Colburn and
Deissler analogies, respectively. The form of each analogy
is indicated on Figure 6. The data points for Re == 49,000
are not as reliable as the remaining points since in calculat-
ing their value it was necessary to take the difference be-
tween two numbers of nearly equal magnitude. Thus, we
conclude that the Deissler analogy is preferable to the
Chilton-Colburn analogy for high S¢ systems providing Re
= 9,800.

In the transition range, Re < 9,800, both correlations
increasingly overpredict the data and neither appears
satisfactory. It is interesting to note, however, that the
few results which were obtained in the transition region
were found to exhibit the same trend as predicted by
Derzansky (1968). Derzansky (1968) performed a Graetz-
type analysis and employed the eddy-diffusivity function
proposed by Gill and Scher (1961). This eddy-diffusivity
function adequately accounts for the observed friction
factor-Reynolds number behavior in the transitional region
of pipe flow.

APPLICATION OF RESULTS

At this point we shall demonstrate how the experimental
findings of this study may be used to estimate the tube
length beyond which desalination performance is influ-
enced by combined free and forced convection. We note
from Figure 4 that by extending the Siegwarth et al. line
until it intersects the UWF Leveque curve, we can obtain
an effective dimensionless transition length X, Actually,
there exists a short transition region in which the dominant
mass transfer mechanism changes continuously, rather than
abruptly, from conventional forced convective diffusion
to that of combined free and forced convection. Neverthe-
less, it is reasonable to expect that for tubes longer than

duPeX:, desalination performance will exhibit the bene-
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ficial effects of buoyancy induced convection.
X.» is evaluated by equating the two expressions for Sh:

A3 \174

1.301(X,,) ~1/3 = C; (gl ; ) (Cw — Go)/¢ (18)
v

(UWF Leveque) (Siegwarth et al.)

Note that the Leveque Sh decreases with axial distance
to the 1/3 power and is independent of concentration level
whereas the Siegwarth et al. Sh is independent of distance
but, since it accounts for buoyancy effects, depends on the
concentration level. The value of C,, must be determined
for each set of operating conditions (C,, dg, AP), fluid
properties (D, v, {), and membrane characteristics (Kj,
K3). Hence, using Equations (7), (11), and (12}, we may
obtain

Cw— C,
TG

[Vald ]
19
e (B2 oo [

v

where V,, and C, satisfy Equations (1) and (4). For spe-
cified operating conditions, one guesses a value for C,, and
calculates corresponding values of C, and |V,| in that
order. This set of Cy, Cp, and |Vy| values is substituted
into Equation (19) to determine whether both sides are
identical. If not, a new guess is made for C, and the
scheme is repeated until an identity results. Due to the
complex and coupled nature of Equations (1), (4), and
(19), it was necessary to use a systematic forward and
backward marching technique in which the step size of
Cy decreased by a factor of ten each time the marching
direction reversed. Upon convergence to the C, root of
Equation (19), the values of C,, and C, are substituted
into Equation (18) to solve for X;,. Observe that the pro-
portionally constant Cy, of the Siegwarth et al. correlation,
also influences the final result.

For illustrative purposes, we have computed X, for
ranges of NaCl feed concentrations C,, tube diameters
dy, and cellulose acetate membrane properties K; and Kj,
which correspond to brackish and ocean waters, commer-
cial tube sizes, and “tight” and “open” membranes, respec-
tively. Physical properties of the fluid were assumed to be
independent of concentration and were as follows: D =
1.6 X1075 cm?/s; » = 0.009 cm?/s; { = 0.70. In order
to obtain a somewhat conservative estimate of X;,, we have
taken C; = 0.4.

Figures 7 and 8 show the results of our computations for
X, for “tight” and “open” membranes, respectively, Notice
that for a given feed concentration Xi, increases very sig-
nificantly as dy decreases and as the operating pressure
decreases. This occurs because Ra is proportional to dg®
so that a 509 reduction in dy gives a Re which is one-
eighth the original value and, thus, diminishes the im-
portance of combined free and forced convection. De-
creasing the operating pressure decreases |V,| so that C,,
is reduced which also reduces Ra. It appears that for the
tight membrane at 600 Ib./sq. in. gauge a shallow mini-
mum occurs at about 15,000 ppm NaCl. In general,
though, Xi, is relatively insensitive to C, for, say, C, >
10,000 ppm NaCl for the ranges of parameters used here.
However, for all cases studied, X;, is predicted to increase
rapidly as C, approaches values typifying dilute brackish
waters.

On the basis of Figures 7 and 8, one may speculate that
the beneficial effects of buoyancy-induced mass transfer
enhancement will occur over larger sections of the tube for
high operating pressures and high feed concentrations.

These are precisely the operating conditions which apply
for seawater desalination. Hence, we should look upon
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TaBLE 3. COMPARISON OF DATA oF RiCHARDSON ET AL. (1969) witH PreEpICTIONS OF FORCED CONVECTION MODELS
WhHhicH NEGLECT OR INCLUDE Buoyancy EFFECTS

Membrane specifications:
Calculated constants:

Operating pressure (gauge):

Feed properties:
Overall product rate,
Reynolds gal./day/sq.ft.
number, FC followed
Re FC+ only by CFFC® Exp't.
19,284 — — 23.3
2,143 16.1 16.6 17.1
1,714 15.6 16.4 16.6
1,286 15.0 16.2 16.6
857 14.0 16.0 15.9
429 12.5 15.8 15.0

dn 1/8
t FC = forced convection, that is, Sh = 1.301 (—-Pe ) .
x

® CFFC = combined free and forced convection, that is, Sh = 0.42 Ral/i,

this application of reverse osmosis with somewhat more
optimism, at least from a mass transfer standpoint.

Interpreting Experiments of Other Investigators on the Basis
of Combined Free and Forced Convection

The major finding deduced from the laminar flow ex-
periments described earlier is that, even for moderate
tube lengths, buoyancy effects arise which significantly
enhance brine-side mass transfer rates. However, this
contention is based on a rather limited range of experi-
mental parameters, that is, tube diameter = 2.31 em and
Schmidt numbers between 478 and 600. Consequently, it
would be desirable to examine the experimental results of
other workers to determine whether or mnot they, too,
suggest the existence of combined free and forced convec-
tion.

Although several investigators have reported data for
tubular reverse osmosis systems, most of this work con-
sidered the turbulent flow regime and/or was performed
on ion-exchange type membranes which are notorious for
their concentration-dependent solute rejections (Thomas,
1972). Fortunately, Richardson et al. (1969) (at the
Philco-Ford Corporation) and a group at the University
of California, Davis (Monge et al., 1973; Kennedy et al,,
1973) have presented laminar flow data for sodium chlo-
ride and sucrose feed solutions, respectively, using cellu-
lose acetate membranes. However, their measurements
were of overall product rates and concentrations rather
than local values and, also unlike the present study, neither
Richardson et al. nor the UC Davis workers made provi-
sions for ensuring an unobstructed, fully-developed inlet
velocity profile. Therefore, it is not possible to pinpoint
the axial distances at which buoyancy effects occur, Never-
theless, as will be shown, the experimental results of
Richardson et al. and the UC Davis group are more con-
sistent with a model allowing for both forced convection
(X < X¢») and combined free and forced convection (X >
Xir) than they are with a model which excludes the latter.

The Philco-Ford experiments were performed on a feed
containing 10,150 ppm NaCl which flowed through a 2.26
cm LD, by 61 cm long seamless cellulose acetate mem-
brane similar to the one that we have used. Their mem-
brane was wrapped in nylon parchment and then inserted
into a solid metal support tube which contained several
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1.D. = 2.26 cm, Length = 61 cm

K; = 1.72 x 10~% em/s * Ib./sq.in.

Kz = 3.94 X 10—5 cm/s

800 Ib./sq.in.gauge (5.51 MN/m?)

Co = 10,150 ppm NaCl, mp = 117 lb./sq.in. (0.805 MN/m2)
p = 1.0 g/cm?, v = 0.0089 cm?/s

Sc = 585
Overall salt reduction,
( Co/Cp )
FC followed
FC+ only by CFFC* Exp’t. X¢r, CIM
— — 21.7 —_
6.29 6.74 7.1 29.2
5.86 6.55 6.7 23.4
5.35 6.37 6.3 17.5
471 6.19 5.9 11.7
3.80 6.01 5.2 5.8

small perforations to permit product withdrawal (that is,
the procedure of Loeb, 1966). The test section of Richard-
son et al. was preceded by a 30.4-cm long piece of 1.02-
cm LD. tube. Hence, an uncertain degree of hydrody-
namic development was attained at the inlet.

Table 3 lists the additional operating parameters and
fluid property data employed by Richardson et al. We note
that, for lack of any other information, the membrane
constants were assumed to be uniform throughout the test
section’s length. K; and K; were obtained by us using the
procedures described earlier. Accordingly, we used the
overall product rate and product composition data for the
largest Reynolds number reported (Re = 19,284) for
calibration purposes.

The theoretical model employed here for analyzing the
laminar Re runs of the Philco-Ford group is similar to that
used for estimating the tube length for the onset of com-
bined free and forced convection. That is, from Equation
(18) we calculated X, for the operating conditions under
consideration so that the dimensional transition length x;,
could be determined for each inlet Reynolds number, that
is, 2 = (X¢) (Re) (Sc) (dy). For x < x¢, the UWF
Leveque (forced convection) Sherwood number expression
was used to calculate local V,, and Cp, while for x > x4,
we used a Siegwarth et al. type (combined free and forced
convection) of Sherwood number relationship with C; =
0.42 [see Equation (15a)]. This choice of C; appeared
to give the optimum predictions—it is not very much dif-
ferent from the values determined from our own experi-
ments given by Equations (16) and (17). Additionally, in
order to show the poorer agreement attainable by neglect-
ing buoyancy effects, the forced convection model was
applied to the entire test section length.

The local {Vy| and C, values were integrated numeri-
cally over the 61 cm test length and converted to the same
units as given by Richardson et al. The reults are com-
pared in Table 3 where it can be seen that there is sig-
nificantly better agreement between experiment and our
model (which includes buoyancy effects) than there is
for a model based on forced convection alone. Perhaps
even better agreement might have been obtained had there
existed a fully developed laminar profile at the test sec-
tion inlet. It is likely that some turbulence was present
for the run at Re = 2,143 since this was near the transi-
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tion Reynolds number and, as mentioned earlier, a sudden
diameter expansion existed near the membrane’s inlet.
Consequently, one would expect that the observed product
rate and composition values would be greater than pre-
dicted. Also, we note that the Sh expression used for the
combined free and forced convection calculations was
assumed to be independent of Re whereas our own ex-
periments indicate a small decrease at Re around 540. Had
we employed a smaller value of Cy, say C; = 0.40, for
the theoretical predictions at Re = 429, this would have
resulted in closer agreement with the data. Nevertheless,
the results shown in Table 3 tend to support the findings
of the present work.

The UC Davis group used a commercial membrane
tubule (Calgon-Havens) of length 220 cm and inside
diameter 1.27 cm for concentrating a sucrose feed. The
tubule was preceded by a 1-m long pipe of 0.94-cm inside
diameter (Monge et al., 1973). Operating pressure and
feed composition were fixed at 500 lb./sq. in. gauge
(3.45 MN/m?) and 15 wt. % sucrose, respectively. This
represents a situation where the feed’s osmotic pressure is
40% of the applied pressure, that is, concentration polari-
zation should have a marked influence on V,,. Isothermal
test runs were performed at 25°, 35°, and 45°C for several
feed rates and the total amount of water removed was
measured and reported as a length-averaged permeation
velocity. For all feed Re, the experimental values of V,
were significantly greater than predicted by forced con-

vection models (by as much as 1009 at Re 2 100). Fur-

thermore, except for say Re < 100, the experimental V,,
was insensitive to feed Re. This behavior suggests that
combined free and forced convection was the dominant
mass transfer mechanism throughout most of the tube
length.

We have used the calculation scheme described earlier
to predict permeation rates for the conditions and mem-
brane properties reported by the UC Davis group
{Merson, 1973). We have only considered the data ob-
tained at 25°C since this represents the largest feed Re
range. Physical property data was obtained from Monge
(1972). Since sucrose solutions have concentration-de-
pendent properties (viscosity increases strongly while dif-
fusivity decreases moderately as concentration increases),
the question thus arises of how to account for variable v
and D. We have used, perhaps, the simplest means, that is,
properties were based on C, for x < x¢ and on Cy, for
x > x¢r. Goldsmith (1971) reported good success with this
assumption in correlating data on ultrafiltration of high
molecular weight organic solutes.

In Table 4 we have listed the values of V,, obtained
experimentally together with those predicted by a forced
convection model applied over the entire membrane length
and a combined free and forced convection model applied
for x > x;. Note that a proportionality constant of C; =
0.4 was used to obtain the best fit. This value is approxi-
mately the same as found for the NaCl-H;O system even
though the Schmidt number for sucrose is approximately
five times greater. The good agreement between our pre-
dictions and the data is readily apparent and adds further
support to our findings. It should be realized, too, that the
forced-convection only model, since it used v, and D,,
would have yielded even poorer agreement had concen-
tration dependence been taken into account.
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TaBLE 4. CompaRisoN oF UC Davis Data ( MErsoN, 1973)
wiITH PREDICTIONS OF FORCED CONVECTION MoOpELS WHICH
NEeGLECT oRr INcLUDE Buovancy EFrects

Membrane properties: II Ky = 1.07 X 10~8 cm/s - Ib./sq.in.
I K; = 1.12 X 10=8 ecm/s - 1b./sq.in.
K3 ~ 0 assumed for both mem-
branes
Sc = 2795 (based on feed properties at T = 25°C)
= 0.41 (Hodgman 1962)

Permeation Velocity, cm/min.

Reynolds FC fol-

Feed rate,* number, FC+ lowed by

cm3/min. Re only CFFCt+* Expt. 2, cm
290 (II) 369 3.86 6.56 6.41 10
385 (1) 490 4.20 6.71 6.7 14
425 (II) 541 4.27 6.59 6.50 14
540 (1I) 687 4.53 6.44 6.69 18
620 (11I) 789 4.76 6.76 6.9 20
910 (III) 1157 5.25 6.81 7.15 30

1305 (III) 1660 573 6.97 7.2 42

® Numeral in parentheses designates membrane code of Kennedy et
al. (1973).

t FC = forced convection, that is, Sh = 1.301 (dg - Pe/x)1/3,

11 CFFC = combined free and forced convection, that is, Sh = 0.40
Rawl/s,
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NOTATION

Cy = proportionality coefficient in Sherwood number
correlation for combined free and forced convec-
tion

C = solute mass fraction

D = molecular diffusion coefficient, cm?/s

dy = hydraulic diameter, cm

Grp = Grashof number for mass transfer, gldu®(Cw —
Co) /2

g = gravitational acceleration, 980 cm/s?

gpdsf = gallons per day per square foot

is = diffusive flux of solute, g/ (cm?-s)

K; = membrane’s pure water permeability constant,
cm/ (s1b./sq.in.)

K; = membrane’s solute permeability constant, cm/s

K; = osmotic pressure proportionality constant, psi/
(solute mass fraction)

k = mass transfer coefficient in absence of transverse
wall velocity, cm/s

k = mass transfer coefficient in presence of transverse
wall velocity, ecm/s

ns = net solute flux at membrane surface, g/ (cm?'s)

AP = applied pressure drop across membrane, lb./sq.
in. or MN/m?

Pe = Peclet number, Re*Sc

Pe,, = wall Peclet number, —|V,,|dy/D

R = membrane’s solute rejection parameter, (1 — Cp/
Cy)

Ra = Rayleigh number, Grp-Sc

Re = Reynolds number, Updg/v

S¢ = Schmidt number, v/D

Sh = Sherwood number in absence of transverse wall
velocity, kdy/D

Sh* = Sherwood number in presence of transverse wall

velocity, k*du/D
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T = temperature, K
UWF = designates uniform wall flux boundary condition
Umn = average axial velocity, cm/s
\% = local transverse component of velocity, cm/s
X = dimensionless axial distance, xi/ (dy*Pe)
x = axial distance, cm
x;» = distance at which buoyancy effects become sig-
nificant, cm
y = transverse distance from membrane surface, cm
Greek Letters
a = thermal diffusivity, cm?/s
B = volumetric expansion coefficient due to tempera-
1 4 "
ture change, ST |
v = kinematic viscosity, cm?/s
p = solution density, g/cm?
8ap = correction factor for finite interfacial velocity,
Sh*/Sh
¢as = rate factor, V,dy/ (D-Sh)
L = volumetric expansion coefficient due to concen-
. 1 dp
tration change, | — ——
p oC
T = osmotic pressure (a function of solute concen-

tration, C), Ib./sq.in.
Ar = difference in osmotic pressure across membrane,
Tw — p, Ib. 5q. in.

Subscripts

b = bulk or cup-mixing value

0 = condition at conduit inlet or beyond diffusion
film thickness

p = condition in product (ambient pressure) stream

w == condition at membrane/solution interface or at

conduit wall
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